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Components of moduli spaces of spin curves with the 
expected codimension II 

Luca Benzo 


Abstract 

We prove that for all integers r > 2 and g > L- + U r _ ||'£±1] + 1 there exists 
a component of the locus S g of spin curves with a theta characteristic L such that 
h°(L) > r + 1 and h°(L) = r + l(mod 2) which has expected codimension ( r f 1 ) 
inside the moduli space S g of spin curves of genus g. Moreover, we prove that the 
Gaussian map of a nonspecial very ample line bundle L over a general curve C 
whose genus lies in a suitable range is injective. 
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1 Introduction 


Let g > 1 be an integer and let S g be the moduli space of smooth spin curves parameteri¬ 
zing pairs (C , L ) where C is a smooth curve of genus g and L is a theta-characteristic 
i.e. a line bundle on C such that L 2 = cue ■ It is well-known (see j!5] ) that S g consists of 
exactly two connected components, 5° dd and S g ven , depending on the parity of hP(L). 

It is therefore natural to consider, for a fixed integer r > 0, the sublocus S r g of 5" dd or 
5® ven defined by 

S r g := {(C,L) € S g : h°(L ) > r + 1 and h°(L) = r + l(mod 2)} . 

In pjQj Harris proved that each irreducible component of S r g has dimension > 3g—3— ( T . 
Since the map it : S g —>• M. g sending a point ( C , L ) to [C] is finite, this is equivalent to 
say that each irreducible component of S g has codimension less than or equal to 
in S g . If the codimension in S g of a component V r ^ g C S r g equals ( r ^ 1 ), we also say that 
V r ^ g has the expected codimension (in S g ). 

It is natural to pose a geography problem for components of moduli spaces of smooth 
spin curves with the expected codimension: 


Problem 1.1. For which pairs of positive integers ( r,g ) there exists an irreducible com¬ 
ponent of S g having expected codimension? 


An obvious necessary condition for the existence of such a component is that the 
inequality 3g — 3 — ( r (, ) > 0 must be satisfied, i.e. points (r, g) for which there exists 
a component of S g with the expected codimension must lie above the parabola g = 

r h+!) I i 

6 ^ X ' 

Inside this region of the plane r, g, many results are known for small r (cf. [ZI] and 
0)- Moreover, in our previous paper [3] we were able to prove the following 


Theorem 1.2. For all integers r > 2 and g > ( r ', the locus S g has an irreducible 
component of codimension ( r ^ 1 ) in S g . 

thus “covering” the plane region above the parabola g = ( r ^ 2 ) = b+ 2 Kr+i) . rpj ig 
purpose of the present paper is to prove a much stronger result, namely the following 

Theorem 1.3. For all integers r >2 and g > g(r) := ^ the locus 

S g has an irreducible component of codimension in S g . 


The way Theorem 1.3 is proved also provides an existence result for irreducible com¬ 
ponents of S r g parameterizing pairs ( C , L ) such that L is very ample (and in particular C 
is not hyperelliptic). The existence of such irreducible components is a highly non-trivial 
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fact. 


In order to prove Theorem 1.3 we will use the following fundamental result due to Farkas, 
which is proved by inductively smoothing a stable spin structure (see |6j for details) over 
a suitable reducible curve. 

Proposition 1.4 (|8j, Proposition 2.4 and Remark 2.5). Fix integers r,go > 1. If S go 
has an irreducible component V r ^ go of codimension ( f ^ 1 ) in S go , then for every g > go 
the locus S g has an irreducible component V r ^ g of codimension ( r ^ 1 ) in S g . Moreover, if 


the general point (C , L ) E V r:9o 
has very ample L'. 


has very ample L, then the general point (C, L') E V r 


r,g 


The core of the proof of our result is the construction of a reducible curve X C P r 
which is the central fibre of a (flat) family X —> B, X C P r x B, where B is an irreducible 
algebraic scheme, such that the general fibre A), is a smooth half-canonical curve having 
nice properties ensuring expected codimension of the component of S g parameterizing 
it. Namely, we will require the Gaussian map of the line bundle embedding Xf, in P r to 


be injective (see Subsection 2.2 for a precise definition). 


The idea is, as in [3], to build X in such a way that the line bundle Ox{ 2) has degree 
2 p a (X) — 2 and h}(Ox(2)) = 1. If the cohomology numbers of O- y( 2) remain constant 
along the fibres of the family X — > B (a property that will follow from the 2-normality 
of X), then Ox b { 2) will be isomorphic to the (unique) line bundle of degree 2 g{Xf) — 2 
and speciality index 1 on Xf,, the canonical one. 

Assume for the sake of simplicity that X := C U D is the nodal union of two irreducible 
components and that these components are 2-normal. Let A be the intersection scheme 
of C and D. Note that the cohomology sequence associated to 


0 -> X x { 2 ) -> 0 P . (2) -> Ox (2) -> 0 


( 1 ) 


gives immediately h l {Ox{ 2)) = h 2 (X x ( 2)) (an analogous property holds for C and D ), 
hence imposing the condition h 1 (Ox(2)) = 1 leaves only two possibilities: 


(a) 0 —>• Tx(2) 


0 


2b (2) © 2 d ( 2) ->■ X a (2) 

h 2 =hi(O c (2))=l h 2 = 0 /i 1 =0, h 2 =0 

(the points of A impose independent conditions to hyperquadrics in P r and one between 
Oc(2) and 0^(2), say the former, has speciality index 1) 

(b) 0 —>• Xx (2) —>• Xc(2) © X d (2) -> 2a (2) ^0 

h 2 =0 h 2 =0 ^=1,^=0 

(the points of A impose one condition less to hyperquadrics in P r and both Oc( 2) and 
Od{ 2) are nonspecial). 
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Both the construction carried out in [4j and the one used in the present paper are an 
incarnation of case (a). The (above remarked) fact that property h}{Oc(2)) = 1 holds 
for half-canonical curves clearly suggests the possibility to proceed by induction on r. It 
would be interesting to understand whether it is possible to sharpen the result in Theo¬ 


rem 


1.3 by exploiting an incarnation of case (b). 


The Gaussian map of a line bundle L on a smooth curve C has proven to be a po¬ 
werful tool to investigate moduli of curves. For example, in the case L = Kc, it has 
played a crucial role in the construction of the celebrated counterexample to the Harris- 
Morrison slope conjecture on effective divisors on Ai g (see 0)- In Section [ 5 J some of the 
cohomological computations carried out in Section [3] to establish the injectivity of the 
Gaussian map of the line bundle embedding Xf, are used, in a slightly different context, 
to achieve a result concerning injectivity of the Gaussian map for nonspecial very ample 
line bundles L on the general curve of genus g , where g lies in a suitable range depending 
on h°(L). This sheds some more light on the still pretty unexplored problem of deter¬ 
mining whether the Gaussian map of a line bundle on a smooth curve is injective (see 
[8], Theorem 5.4 for another result in this direction). 

Namely, our result is the following: 


Proposition 1.5. Let r > 3 be an integer, let M be a curve of genus g with general 
moduli, let L 6 Pic(M) be a nonspecial very ample line bundle such that h°(L) = r + 1 
and let 


r 


2 


4 


- < g < — 
2 ~ 2 



Then the Gaussian map 4 >l is injective. 


We work over the field of complex numbers. If Y is an algebraic scheme and X C Y 
is a closed subscheme with defining ideal sheaf T x /y, we will denote by N X , Y := 
T x /y /^x/y the conormal sheaf of X in Y and by N x / Y its dual Homo Y (l^/y/lwy, Ox), 
which we will call the normal sheaf of X in Y. If there is no ambiguity, we will possibly 
write N x (N x ) instead of N X f Y (N x /y)- The same will happen with T x /y and l‘ x / Y - 
By a family of curves and a deformation of a curve we will always mean flat ones. 

We will write Hilb” d for the Hilbert scheme of curves of arithmetic genus g and degree 
d in P r . 

We will say that a curve C C P r is a general curve or a curve with general moduli if [C] 
is a general point of the unique irreducible component W C Hilb”,-^ ( \ eg (c) suc ^ that the 
moduli map W —-> Xl g rc) is dominant. 

This research project was partially supported by PRIN 2010-2011 “Geometry of algebraic 
varieties” and by FIRB 2012 “Moduli spaces and Applications”. 
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2 Preliminary results 


2.1 Generalities about theta characteristics 

Theta characteristics were classically studied from a trascendental point of view for their 
connection with theta functions. Mumford presented in m a completely algebraic view¬ 
point of the subject, which was later carried on by Harris. 

Theorem 2.1 ([15], Theorem, m, Theorem 1.10). Let S —>• B be a flat family over 
an irreducible algebraic scheme B such that, for all X £ B, the fibre S\ is a Gorenstein 
reduced curve, and let C £ Pic(<S) such that L\ = us x for all A £ B. Then: 

(i) the map p : B ^ No, A i —> h°(S\ , C\) is constant modulo 2; 

(ii) the locus B r := (A £ B\p(X) = r + 1} is empty or has codimension less than or 
equal to ( r ^ 1 ) in B. 

Property (i) gives full motivation for the study of the irreducible components of the 
loci Sg := {(C, L) £ S g \h°(L) > r + 1 and h°(L ) = r + 1 (mod 2)} and A4 g := 7r (S g ), 
where n : S g -> M. g is the map sending the point ( C,L ) to \C\. The fundamental fact 
we are interested in is the following 

Proposition 2.2. S g is empty if and only if r > . If r < for every irreducible 

component V C S g one has 

dim V > 3g - 3 - ^ ^ 1 ^j . (2) 

Proof. If r > , then S g is empty by Clifford’s theorem on special divisors on smooth 

curves. On the other hand, the locus A4 g , r < [^-\ is not empty, as it contains 
the hyperelliptic locus. The second assertion immediately follows from (ii) of Theorem 

o □ 

If equality holds in (J2|, we say that V has expected codimension (in S g ). 

2.2 The Gaussian map 

Let X be a smooth projective variety and L £ Pic(X). Let R(L) be the kernel of the 
multiplication map H°(L)®H°(L) — > H°(L 2 ). One has R(L ) = A 2 iL°(L)®/ 2 (L), where 
12 (B) := ker |Sym 2 (L) — > H°(L 2 )} is the kernel of the restriction of the multiplication 
map to the 2-symmetric part of the tensor product. Consider the map 

<S> L : R(L) ->■ H°(Qx ® L 2 ) 
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defined, locally on a Zariski open subset of X over which L is trivial, by the correspon¬ 
dence 

s®t^fsdt — tds. 

Clearly, vanishes on symmetric tensors and one can consider the restriction 
'Ll := $l| A 2 H o ( l) : A 2 H°(L) H 0 ^ ® L 2 ) 


which is called the Gaussian map of L. 

Let now L be very ample and identify X with its image in P r via the embedding given 
by \L\. Dualizing the Euler sequence 

0 Ox -> H°(O x (l))* <8> O x ( 1) ->• T P r jx 0 

and twisting by Ox( 2), one obtains the exact sequence 

0 —> fipr| A -(2) —> H°(O x (1)) <8> O x { 1) —t O x { 2) -A 0 

whose associated cohomology sequence yields i?(L) = iL 0 (flp,.| y (2)). Moreover, is 
exactly the map associated in cohomology to the map a in the conormal sequence twisted 

by O x (2 ) 

0 -> N%{2) -> fiJr |A: (2) A D_V(2) -> 0. 

and thus one has 

H°(N%(2)) = ker$ L = ker ^ © 7 2 (L) (3) 

where, as L is very ample, l 2 {L) = H°(I x (2)). In particular, 'Ll is injective if and only 
if H°(l x {2)) = H°(Nx( 2)). Recalling that Nf- := X x /X x , one obtains the short exact 
sequence 

0 —> X.\{2) —> X x {2) —> N x (2) —* 0. (4) 

Since X is not contained in any hyperplane of P r , one has H® (X\(2)) = (0) (the singular 
locus of a hyperquadric is empty or a linear space), hence the cohomology sequence of 
0 immediately gives: 

Proposition 2.3. Notation as above, if iL 1 (X|-( 2)) = (0), then \fR is injective. If 
moreover X is 2-normal, then the converse holds. 

The map \ER has a very interesting relation with spin curves. For a point (C, L) e S g , 
the forgetful map ir : S g —> M g gives a natural identification T\p,L]S g = T^c]M g = 
iL°(w^.) v between the Zariski tangent spaces to the moduli stacks. Nagaraj ([IBj) has 
shown that 
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Theorem 2.4 QI6j, Theorem 1). Let ( C,L ) E S g and let 'L^ : A 2 H°(L) -A H°(uq) be 
the Gaussian map. Then 


T {C ,L)S r g = im (* l ) 


C T, 


0 C,L)Sy • 


In particular, if ^ l is injective, then dim T^jj^S g = 3g — 3 — ( r + ) 


Combining this result with Proposition 2.2, one immediately obtains the following 


Corollary 2.5. Let V C S g be an irreducible component and let ( C,L ) E V such that 
^L is injective. Then h°(L) = r + 1 and V has expected codimension ( f ^ 1 ) in S g . 


Let C C P r be a (nondegenerate) smooth curve of genus g. We say that C is half- 
canonical if Oc{ 1) is a theta-characteristic on C. Proposition |2.3| then gives 

Fact 2.6. Let C C P r be a smooth linearly normal (nondegenerate) half-canonical curve 
of genus g. Assume that H 1 (Tq(2)) = (0). Then the point (C,Oc( 1)) is parameterized 
by an irreducible component of S g having the expected codimension in S g . 

which will be our fundamental criterion to check expected codimension in the sequel. 
Another important fact concerns Hilbert schemes: 


Proposition 2.7. Let C C P r be a smooth (nondegenerate) linearly and 2-normal half- 
canonical curve of genus g such that the Gaussian map 'Le> c (i) is injective. Then [C] 
is a smooth point o/Hilb^ g _ 1 . In particular, dim^j Hilb^ g-1 = h°(Nc) = 2>g — 4 + 
( r ^ 2 ). Moreover, the general point of the irreducible component W C B\\h r f/g _ x containing 
\C] parameterizes a half-canonical curve (i.e. the half-canonical locus is not of positive 
codimension in W). 

Proof. Let (f : Hilb^ g _ 1 —■* M. g be the moduli map. Let 


o c ( i)^*se 

Y 

C c - 

[C]t- 5 - B 


be the versal deformation of the spin curve (C,Oc{ 1))- In particular, 2z? E Pic('if) and 
= ujcg /b . Let B r := { b E B\h°(ft?b, > r + 1, = r + l(mod 2)} C B. 

Since Oc( 1) is very ample and h°(Oc( 1)) = r + 1, there exists a nonempty open subset 
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U of an irreducible component of B r containing the point [C\ such that is very ample 
and = r + 1 for every b E U. This implies that there exists an irreducible 

component W C Hilb^ 9 _ 1 parameterizing [i^], c — P r , for every b € U. By 
(ii), it follows that dim 4>(W) > 3g — 3 — 


2.1 


Theorem 

By assumptions and Proposition |2.3| one has 


v\x b \ 

m- 


h°(N c ) = X(N C ) + h\N c ) = x(N c ) + h°(N%{ 2)) = X (N C ) + h°(l c ( 2)) = 

= x(Nc) + h°(CV (2)) - /i°(Oc(2)) = 3g - 4 + ^ ^ - 3 - ^ ^ + (r - + 1) 2 - 1. 

Let C' be a deformation of C in P r . Since x(Zo'(2)) = xC^c(2)) and h}(Zc{ 2)) = 0, 
sequence ([!]) for C and C and the upper semicontinuity of the cohomology give 1 = 
h 2 (Zc{ 2)) = h 2 {lc'{ 2)) = h l (Oc'{ 2)), thus Oc'{ 2) = ivc, i.e. every deformation of C in 
P r is still embedded by a theta characteristics. Since the number of theta characteristics 
on a fixed curve is finite, the linear series embedding C is isolated in the Brill-Noether 
variety WJ_ 1 (C), hence the fibre of cf at [C] has dimension iL°(Tpr). One then has 
that dim[ C ] Hilb^ g _ 1 = dim^(lT) + h°(Tpr ) > 3g — 3 — ( r ^ 1 ) + (r + l) 2 — 1. Since 
H°(N C ) = TpjHilbg CJ _ 1 , it follows that [C 1 ] is a smooth point of Hilb^ g _ 1 , and that W 
satisfies the last part of the statement. □ 


In the end, we mention the fact that will give the base case for the proof of the main 
theorem. 


Proposition 2.8. The locus 5| has an irreducible component V of codimension 3 in 
Sq such that, for a general point ( C , L) e V, the line bundle L is very ample and the 
Gaussian map 'I 'l is injective. 


Proof. Let C be a smooth plane quintic and L = Oc( 1)- The adjunction formula gives 
that L is a theta-characteristic and /i 1 (iVc) = 0. By Serre duality and ([ 3 ]), the Gaussian 
map is injective, and, by Corollary 2.5, V has expected codimension in <S|. □ 


2.3 Deformations of embedded curves 

In order to proceed in the described direction, we have to briefly recall some basic facts 
about deformations of embedded curves and then state two general lemmas. 


Let X C P r , r > 2, be a connected reduced curve with at most nodes as singulari¬ 
ties. There is a 4-terms exact sequence 

0 —y Tx —y Tpr\ x —y N x —y T x —y 0 
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where T\ '■= Horr^ST^, Ox) and T x is the first cotangent sheaf of X (see |20| , Section 
1.1.3), which is a torsion sheaf supported on the singular locus Sing(X) and having stalk 
C at each of the points (if X is smooth, it is obviously the zero sheaf). For every subset 
I C Sing(X), we will denote by T x ,j the restriction to I of T x extended by zero on X, 

and by N : x := ker j N x -t T x\i\ 

The sheaf N' x := N Sin ^ x ) = ker {N x -> T\} is called the equisingular normal sheaf of 

X. 

From the deformation-theoretic interpretation of the cohomology spaces associated to 
these sheaves, it follows that, if the cohomology maps H°(Nx ) — > H°(T x ^ p ) are surjec¬ 
tive for every p E Sing(X) and H 1 (Nx) = (0), then the curve X (flatly) deforms to a 
smooth curve in P r i.e. it is a fibre of a family of curves X —> B, X C P r X B , where B 
is an irreducible algebraic scheme, such that the general fibre Xf, of X is smooth. X is 
said to be smoothable in P r . Note that, in particular, X is smoothable if H 1 (N' X ) = (0) 
(see m , Section 1 for an extensive discussion of all this topic). 


Lemma 2.9 (cf. |J9 . Lemma 5.1). Let Cj C P r be a connected reduced curve with at most 


nodes as singularities and C 2 C P r be a smooth connected curve such that X := C\ U C 2 
is nodal and A := C\ n C 2 is a smooth 0- dimensional subscheme of C\ and C 2 supported 
at smooth points of C\. Let Z := Sing(Ci). Then there exist exact sequences: 

0 —> Net —>■ N X \ Ci T} X[a —> 0, * = 1,2 (5) 

0 — > L c ./x <8> N x —> N x —> N X \Ci —> > 0, * = 1,2 (6) 

0 —> Tq./x <8> Nx —t N^ —> N^ —> 0, * = 1,2 (7) 

0 —» Tq x jx <S> Nx — > N'x — > N' Cl —> 0 (8) 

0 -> M -> N'x -> Nc 2 -> 0 (9) 


where T Cl / x = C>c 2 (-A), Z c 2 /x — Oci(-A) and M = (T C2 /x ® N x ) /T with T zero 
or a torsion sheaf. 

Proof. By the definition of Nq^ x there exists an exact sequence 

0 =” Z Ci/x Z Ci/x * Nq./x 0 (10) 

where Z^ Y = Oc 2 {~2 A) and ^q 2 / x = Oc 1 (—2 A). One then has N^ j x = O a . By 
[20] , (D.2) and the proof of Lemma D.1.3 (ii), there exists a short exact sequence 

0 —t Nx\ Ci -> Nq. ->• Nqj-x —> 0. (11) 
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Dualizing 0 one obtains the short exact sequence 

0 —> Nq —> Nx\Ci Ext b Ci (Oa, ®Ci) —■> 0. 

Since Ext^, c (0^,0^) = | A , the existence of (jHJ) is proved. 

Sequence (|6j) is obtained by tensorizing the exact sequence 0 -7 T Ci /x ->■ Ox ->• Oci ->• 0 
by the locally free sheaf Nx- 

From the definition of IVy, there exists an inclusion a : X,cyx ® Nx —> N^ fitting into 
the commutative exact diagram 


0 0 

+ A ->-0 

7 

Nx | Ci - 0 

€ 

n_ t 1 n > k 

where A := coker a and B := coker 7. Since (3 is an isomorphism, 7 must be injective. 
By the injectivity of 7 and the commutativity of the diagram, one has that ime = Tjq A , 
hence the right vertical sequence is nothing but sequence ([5]), A = Nc t , and the existence 
of sequence 0 is proved. 

Consider the exact commutative diagram 

0 0 B 

0-■*- N' c 1 — N X \c 1 -^ A -^ 0 

P 

y \t V 

0 - N Cl -^ N X \c 1 - t x\a -^ 0 

Tc! 0 0 

where 7 is the composition of the inclusion N' c —> Nq x with the inclusion Nc 1 —>• Nx\Ci 
of sequence ([ 5 ]), A := coker 7 and B := ker (3. The snake lemma gives immediately 


0-- X Ci/x ® N x - -- N% 

P 

0->■ X c ./ x ® N x - Nx 
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B = Tq x and thus A = Tq x ®T A | A = T x . The surjective restriction map Tpr\ x —> Tpr| Cl 
maps T x into Tq 1 , and therefore induces a surjective map T : N' x —> Nq . We then have 
another commutative exact diagram 


0 

0 


0 


v 

—*-M - 

<5 

V 

%Ci/X ® N x 


0 0 

Nx-^Ncr 

7 

Nx -^ N X \ Cl 


0 

0 


V 

Q 


T 1 

1 X 


■ T 1 
1 X 


where A4 := ker T and Q := coker 5. Since 77 is an isomorphism by commutativity, by 
the snake lemma it must be Q = 0, and A4 = Xq 1 / x < 8 > N x . This proves the existence of 
sequence ([ 8 ]). 

Analogously, the surjective restriction map Tpr\ x —>• Tpr\ C2 induces a surjective map 
T : N' x —> Nc 2 , which fits into the exact commutative diagram 


0 

0 


■M- 

13 


' N' x 


' X,c 2 /x ® N x ->■ N x 


Nc 2 

7 

Nc 2 


Q 


■ T 1 
1 X\Z 


0 

0 


where M := ker T and Q := coker /3. Since 7 is an isomorphism, the snake lemma gives 
that 77 is an isomorphism too. A computation on Euler characteristics shows that e must 
be surjective. Tensorizing sequence 0 — > N x N x —> T x | Z — > 0 by the sheaf Xc 2 /x one 
gets the exact sequence 

0 —> X — > X C2 j X <g> N x —> X C2 / x (g) N x —> T x | Z —> 0 

where T is the zero sheaf or a torsion sheaf. Comparing with the left vertical sequence, 
one obtains that M. = (X C2 / x <g> IVy) / J r , hence the existence of Q is proved. □ 
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The following Lemma is a strong version of Lemma 2.5 in j3]. 

Lemma 2.10. Let r > 2 be an integer, let X = Xq C P r be a nodal curve and let 
q : X C FxB -> B be a (flat) family of locally trivial deformations of X over an 
irreducible algebraic scheme B. Assume that the critical scheme S C X of the map q, 
i.e. the subscheme of nodal points of the fibres of q, is irreducible. Moreover, assume that 
h°(N' x ) < h°(Nx) and that the Hilbert scheme Hilb^ Y ) d eg (Y) reduced at the point 
[X]. Then the curve X is smoothable in P r . 

Proof. Up to shrinking B , we can assume that B is nonsingular and S —> B is an etale 
covering of degree |Sing(X)|. Then consider the base change 

X - *X 

q q 

S - B 

By construction, there exists a section a : S —> X of q. 

Let A f x / S (respectively, T~ ,g) be the relative normal bundle (respectively, the first rela¬ 
tive cotangent sheaf) of X over S (see [17], Section 2 for a precise definition), and consider 
the map Q*N X /S ^ a *^k/s c °ber p —> 0. 

Since h°(N' x ) < h°(Nx), the image of the map H°(Nx ) —> H 0 ^^) is at least one¬ 
dimensional, thus there is at least one p £ Sing(X) such that the map H°(Nx ) —> H°(Tp) 
is surjective. If s = (q(Xo),p) £ S , that map is exactly the fibre map 

«.A0f /S| , = «”("*> ^ = ff0 (7) 

where the isomorphisms are given by the fact that the cohomology of both sheaves is 
constant on fibres and both sheaves are flat over S. Then, since cokerp is a coherent sheaf, 
there exists a nonempty open set U C S such that cokerp| W = (0). Since S is irreducible, 
this implies that, for the general fibre T), the map H°(Ng ) —> is surjective for 

every w £ Sing(Tt). Since Hilb^p^ deg(Y) reduced at [X], it is reduced at [Xt] too, 
hence there exists an irreducible component W C Hilb^^ deg(X) parameterizing the 
point [Xt] such that the general point of W is smooth. It follows that Xt is smoothable. 

□ 


2.4 Elementary transformations of vector bundles 

Let C C P r be a smooth irreducible curve and let S := {pi,...,p s } C C be a smooth 
0-dinrensional scheme of length s. Let m be a positive integer and let E, F be rank m 
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vector bundles on C such that there exists an exact sequence 

0->£AF40s40. (12) 

The fibre map a x : E x —> F x is injective for all x E C \ S, while it has a one-dimensional 
kernel l x C E x for all x € S. The vector bundle F is thus uniquely determined by the 
scheme S and by the lines l x C E x for all x E S. Let V{, i = 1 ,s be the tangent vector 
to the line l x at the point x = pi. Define K := {(pi,Vi)} i=1 s C P (E), where P(E) is 
the projectivized bundle of E. 

We say that F is the positive elementary transformation of E defined by K, and we denote 
it by Elm^-(iF). Of course, given the projection ir : P (E) —> C , one has S = ir(K). 

Proposition 2.11. Notation as above, let L E Pic(C). Fix an isomorphism f : P (E) —> 
P (E ® L ) and let K' be the image of K under f. Then one has Elrri^,, (E 0 L) = 
F[u\fi(E) 0 L. 

Proof. Twisting the exact sequence 

Elm +(E) O s -> 0 


by L one obtains 

0 —y E 0 L Elrn^(E) 0 L —> Os —> 0. 

The fibre map f3 x contracts exactly the same lines l x as a x in the identification among 
E x and (E 0 L) x . The claim then follows by definition. □ 


Proposition 2.12. Notation as above, let I\ be sufficiently general. Then one has 
/i 1 (Elm^-(E)) = max{0,/i 1 (E) — s}. 


Proof. It is sufficient to prove the result for s = 1 i.e. S = p and then iterate. Dualizing 
sequence (12) one obtains the short exact sequence 

0 (Elm+(E)) V £ v -»■ Ext^ c (0 p , O c ) ->• 0, (13) 


where Ext o c {O p ,Oc) = O p . Twisting sequence (13) by uc one obtains the exact 
sequence 

0 —> (Elm^-(E)) V 0 uc — > E v 0 ujc —> O p —> 0. (14) 

Since K is general in P(E), one has 

/i°((Elm^(£')) V 0 ujc) = max {/i°(E v 0 cjc) — 1,0} . 


The claim then immediately follows by Serre duality. 


□ 
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Let now X C P r be a connected reduced nodal curve having C as an irreducible 
component, and such that C intersects X \ C in a smooth O-dimensional subscheme 
A := {pi, ...,p s } of length s. 


Proposition 2.13. Notation as above, let Vi, i = 1, s, be the tangent vector to X \ C 
at the point pi and let I\ := {(pi,Vi)} i=1 s C P(iVc). Then one has that Nx\c — 
Elm +{N C ). 

Proof. For all pi G A, the kernel of the fibre map a Pi : (A r c) Pi {Nx\c) p . (see g) is 
exactly the tangent line to X \ C at the point p,. □ 


Corollary 2.14. Notation as in Proposition^. iSl let L G Pic(C) and assume that K := 
{(Pii v i)}i=i,...,s c 1P( N c(L)) is general. Then h l (N X \c(L )) = max {0, h l (N c {L)) - s}. 

Proof. Combine Proposition 2.11, Proposition |2.12] and Proposition 2.13[ □ 


2.5 Secant spaces to a projective curve 

Let C be a smooth curve of genus g , let L G Pic(C) and let l = P(P), V C H°(C, L) be a 
linear series on C, dim / = r >2. Let 0 < / < e be integers, let CV e j be the e-symmetric 
product of C and consider the locus VfN (l) defined set-theoretically as 

Vt f {l) = {De C (e) | dim l(-D) > r - e + /} . 

This is the locus of effective divisors of degree e on C which impose at most e — f 
independent conditions to l. If l is very ample and C is identified with its image in the 
embedding C P r , then Vf ^(l) parameterizes (e — / — l)-planes in P r which are 
e-secant to C. We will write for I4 e_ ^(P (H°(C,L))). 

There is an equivalent definition, which generalizes to the case in which C is singular. 
Let Y be an algebraic scheme, let C G Pic(Y), 1 = P(V), V C H°(Y, C) be a linear series, 
and consider the commutative diagram 



where the maps are the obvious ones. Define Ec := f*i*q*T. By [18], (2.5), there is a 
naturally defined morphism of sheaves 

cry : V (8) CV (e) —> Ec- 
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We will write <j£ for a H o( Y ,c )• 

Now, let C be a reduced but possibly singular curve, let L e Pic(C), l = F(P), V C 
H°(C,L), let C e be the e-cartesian product of C and consider the obvious projections 

C {e) ^C e ^C. 

Set L[e ] := ®^ =1 vr *L. Clearly, L[e] is a locally free sheaf on C e of rank e. Let £l be 
the sheaf on the e-th symmetric product of the smooth locus of C, C whose sections 
on an open set U are the G-invariant sections of L[e] on h~ l (U) where G is the Galois 
covering-map group of h. It can be shown (see [HJ, Proposition 1 and 2) that over C ff? 
one has El = £l, that £l is a locally free sheaf of rank e, and the map ay restricts over 
C'jP"' to a morphism of vector bundles. Define 

Vr f (l) = {D& C s $ | rk a V]D < e - /} . (15) 

Scheme-theoretically, Ve ^ (l) is given locally at D by (the vanishing of) the e — / + 1 
minors of some matrix representation of ay at D (see mi , Section 4 for details). An 
immediate consequence of the definition is the following 

Proposition 2.15. Notation as above, either Ve ~ (V) is empty or for every irreducible 
component V C one has 


dim V > e — f(r + 1 — e + /). 


(16) 


If equality holds in (16), we say that V has expected dimension. 


The case we are interested in is the case in which L is very ample, l is complete and 
/ = 1 (we will write V)f _1 (L) instead of V)f _1 (()). In this situation, the linear span of a 
divisor D 6 V)f” 1 (L) is a (e — 2)-plane, and the right term of (16) becomes 2e — r — 2, 
thus for e < f + 1 we expect the emptyness of Vf~ x {V). However, even if we impose the 
condition e > ^ +1 and rule out trivial cases such as the one of the rational normal curve, 
the non-emptyness of Vf x (L) is not granted in general. In the following Proposition we 
show non-emptyness for curves obtained by smoothing a suitable reducible curve. Given 
a nondegenerate curve C C F r and a positive integer k, define the variety of k-secants of 
C S k (C) as the closure in P r of the quasiprojective variety 

S k (C ) := {p <E< x 0 , ..., x k > |ar 0 , ...,x k G C, dim < x 0 , x k >= k} . 


The variety S k (C ) has dimension min{2fc + 1, r}. 

In what follows we will write “l.g.p.” for “linearly general position”. 
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Proposition 2.16. Let r > 2 and let C C H = P r C P r+1 be a smooth (nondegenera¬ 
te) linearly normal curve. Assume that, for some |_|J + 3 < e < r + 2, the scheme 
Vf~ 1 (Oc(l)) is nonempty and has an irreducible component V e whose general point pa¬ 
rameterizes a divisor Sf = S e E Div(C) satisfying the following properties: 


We 


« s e evrHodi))^vr 2 (o c (m 

< (ii) S e is smooth ; 

(in) the points of S e are in l.g.p. in < S e > . 


Let H' = P e_1 c P r+1 be a e — 1-plane cutting on H the e — 2-plane < S e >:= H e _ 2 - Let 
E C H' be a smooth nondegenerate curve intersecting C transversally in S e , and such 
that [E] is a general point of an irreducible component of HiltpW ( \ e „(E) • Assume that 
X := C U E C P r+1 is linearly normal and smoothable, and let T C P r+1 be a smooth 
curve such that [r] is a general point of an irreducible component W C Hill/ + W deg (x) 
parameterizing the point [X], Then, for every + 3 < /i < r + 3, the curve T satisfies 
the following property: 

the scheme V^ _1 (Op(l)) is nonempty and has an irreducible component T4 of 

the expected dimension (2 h — (r + 1) — 2) satisfying the following properties: 


(i) the general point 5'^ +1 = Sh € Vh satisfies properties (*)h; 

(ii) for every +3 < f < h there exists a divisor Sf^ E Vh such that Sf t h = 

S r f +1 + T f with T f := p'f + i + ''' + Ph an d Pi> i = f A 1 ,h general. 

Proof. We indicate by the symbol / ~ the quotient by the permutation group. Since 
h > + 3, one has that, for a general h — 2-secant (to C) h — 3-plane M C H, 

< M, H e -2 >= H holds. The projective Grassmann formula then gives 


dim(M n H e - 2 ) = dim M + dim H e _ 2 — dim (M + Ed e - 2 ) 
Consider the incidence variety 


h — 3 + e — 2 — r = e + h — 5 — r. 


(17) 


A := 1 ((x 0 ,...,x h - 3 ),p) E C( h _ 2 ) x H e -2 


p E< Xq, ..., X h —3 > 


with the two canonical projections 7Ti : A —> C(h- 2 ) an d ^2 ■ A —y H e _ 2 - Since S h 3 (C) = 
P r , the morphism 1 T 2 is surjective. 

By©, the general fibre of is (e + h — 5 — r)-dimensional, hence one has dim A = 
dim C(h- 2 ) + (e + h — 5 — r) = e + 2h — 7 — r, and the general fibre F of 1 T 2 has dimension 
2h — 5 — r. 
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One has that S l (E) 0 S h 3 (C) = 5’ 1 (£') 0 H e _2 := T has dimension dimS' 1 (£ l ) — 1 = 2. 
Let Bh be an irreducible component of the locus 


(x 0 , ...,x h - 3 ,qi,q 2 ) G 


(C \ S e )(f l _2'j X (E \ <S e )( 2 ) 


< qi,q2 > nr G< x 0 ,...,x h - 3 > 


The generality assumption on [E] implies that T contains the general point of H e _ 2 , so 
that the general [h — l)-tuple (x'o, ...,Xh- 3 , < 71 , 72 ) has distinct entries. 

One has Bh C V^~ 1 (Ox{ 1)) and Bh £ v£~ 2 (Ox( 1))- Suppose that Bh C B' h , where 
is an irreducible component of V^' _1 (0x(l))- Since the multidegree over the irreducible 
components of X of a divisor D G B' h remains constant over B' h , and, for a general divisor 
Dh G Bh, dim < Z4.|c > and dim < Dh\E > are the maximal possible dimensions, it 
must be Bh = B' h . Since dim S 1 (E) = 3, there is only a finite number of 2-secant lines 
to E passing through the general point of T, hence Bh has dimension 2 + dim! 7 = 
2h — 3 — r = 2h — (r + 1) — 2, which is the expected one. 

Let X(h) be the /i-synunetric product of the universal family P r+1 x W D X W, let 
C := Ox( 1) G Pic(T) be the relative hyperplane bundle and let 

a c -.H°{X,C)®0 Xw ^Ec 

be the map defined above. Let X be the restriction of X to the smooth locus of the 
fibres of T, let X^ W be the relative /i-symmetric product of X W and define 
V^ _1 (£) := |D G X^ |rk< 7 £|£) < h — l|. From the definition, it follows that either 

V^ -1 (£) is empty or each of its irreducible components has dimension greater than or 
equal to 2h — (r + 1) — 2 + dim W. 

Let r be X or a general fibre of T, let L := Oy(X) and let D G T^. Since ac\D = ®l\Di 
one has = V^\L). 

Since Bh C v£~ 1 (Ox{ 1)) has expected dimension, it must “extend” to an irreducible 
component B C V^ _1 (£) intersecting V^~ 1 (Op(l)), otherwise there would be an irre¬ 
ducible component of V^ -1 (£) of dimension less than 2 h — (r + 1) — 2 + dim W, which is 
not possible. This yields the existence of an irreducible component 14 C V^ -1 (C>r(l)) of 
the expected dimension. Since, by construction, the general point D r h +1 = Dh. & Bh is a 
smooth divisor of X, the general point Sh G 14 must be a smooth divisor too. Secondly, 
the points of Dh are in l.g.p. in < Dh >, hence the points of Sh satisfy the same property 
in 14 . Moreover, by construction, for every L^jwJ + 3 < / < h, there exists a divisor 
Df h £ Bh such that Df h = Df +1 + Nf and Nf G Pic(C') a general divisor of degree 
h — /. Indeed, if Mf be the / — 2-secant (to C) f — 3-space defining Df +1 , the space 
< Mf, Nf > is a h — 2-secant (to C) h — 3-space containing Mf n T. The divisor Df^. 
deforms to a divisor Sfj, G 14 satisfying the required properties. □ 


17 



3 Technical lemmas for the proof of the main result 

Lemma 3.1. Let r > 2, let E C P r be an elliptic normal curve, let q be a point of E 
and let £ C P r be hyperplane section of E. Then one has H 1 (Ne {—£ — q )) = (0). In 
particular, /i 1 (A r £;(—S)) = 0. 

Proof. By [7], Theorem 4.1, one has that Ne(—Y — q) is a semistable vector bundle. 
Let p,{Ne{— £ — q)) be the slope of Ne(—Y — q). One has h(Ne{— £ — q)) = > 0, 

hence every quotient line bundle of Ne (—£ — q) has degree > 0, and there is no nonzero 
morphism Ne{— £ — q) -A oje- By Serre duality, one obtains h l {NE {—£ — q)) = 0. □ 

Lemma 3.2. Let r > 2, let E C H = P r C P r+1 be an elliptic normal curve, let l ^ H 
be a line intersecting E in a point q and let X := E U l. Then X is smoothable to an 
elliptic normal curve in P r+1 . hi particular, [X] is a point of the irreducible component 
W C Hilb^ r+1 which dominates M.\. 

Proof. Let S be a hyperplane section of E. The exact sequence 

0 —> Ne/h —t Ne/\ pr+i —y Oe(E) —y 0 

immediately gives /^(IV^ypr+i) = 0. Since Ni = Opi(l)® r , sequence (|5j) for l twisted by 
Oi{—q) gives h}-{Nx\i{—q)) = 0. The exact sequence (see ([8])) 

0 —y Nx\i(—q) X'x —y N E /-pr+i —y 0 

then gives /i 1 (A^) = 0, hence X is smoothable to an elliptic normal curve in P r+1 . □ 

Lemma 3.3. Let B C A C Y be algebraic schemes such that both A and B are regularly 
embedded in Y (see [20], Section D.l for a precise definition) and let Ta C 2 b C Oy be 
the ideal sheaves of A and B in Y. Then there exists an exact sequence 

0 —y —y Ig —y A—y 0 (18) 

where the sheaf A fits inside the exact sequence 

0 —y Tb/a ® N\/ Y —> A —y T 2 B / A —y 0. (19) 
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Proof. Consider the commutative exact diagram 


0 0 B 


0 

0 



NA/Y ^ ^B/Y ^B/A 


^0 


0 

0 


0 0 0 


where the quotient A/B is isomorphic to Z 2 b j A . 

The snake lemma gives the existence of a 4-term exact sequence 


( 20 ) 


0 N'a/y n b/y n b/a °- 


( 21 ) 


Since B and A are both regularly embedded in Y, by the proof of 

B -Y 


iV A/y 


sequence (21) splits into the two short exact sequences 0 

0. This gives in turn B = Z b /a® N a , y 


and 0 


iyv 

"a/Y\b 


N w , 

ly B/Y 


N w 
JV B/A 


, Lemma D.1.3 (ii) 
0 
□ 


/V v 

*A/Y | B 


Lemma 3.4. Let B C H = P r C P r+1 be a linearly normal curve. If H 1 (Z b ^ h (2)) = (0), 
then H 1 (Z 2 s/pr+1 ( 2)) = (0). 

Proof. By Lemma |3.3[ there exists an exact sequence 


o^z- 


H/F 


r+1 


( 2 ) 


-B /F 


•r+1 


( 2 ) yl —>■ o 


where 0 -A B -A A -Y Z 2 B/H { 2) 0 and B = Z B/H <g> A r ^ /pr+ , (2) =* Z B/H ( 1). 

Since B is linearly normal, one has H 1 (Z b / h { 1)) = (0). Noting that Z B ^ pr+1 ( 2) = Opr+i, 
and computing cohomology the claim follows. □ 


Lemma 3.5. Fix integers r > 2, |_^J + 3 < h < r + 2. Let B C H = P r C P r+1 be a 
smooth (nondegenerate) curve carrying a smooth divisor S = Sh := {pi, ...,Ph} satisfying 

Let H 1 = p ft_1 c P r+1 be a h — 1-plane cutting on H the 


2.16 


(*)h of Proposition 

h — 2-plane < Sh >■= Hh- 2 - Let E C H’ be an elliptic normal curve intersecting B 
transversally in Sh, let E be a hyperplane section of E and let Y := B U E C P r+1 . Let 
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Vi, i = 1, be the tangent vector to B at pi, and assume that, for h < r + 1 and 

k = r + 2 — h, the O-dimensional scheme K := {{pi,Vi)} i=l k C P(A^ E /pr+i(—S)) is 
general. Then one has H 1 (Ny\ e (~ S)) = (0). 

Proof. Consider the commutative exact diagram 

0 0 ( 22 ) 

0-s- N e / h /-5- Ne/h> - 0 

0 -S- N E /fr+l - Ny\E - Ty -0 

y 

0 -^ 0 E {£T)® r+2 ~ h - M -*- Os -*- 0 

0 0 0 

Twisting the left vertical sequence by O e {—£) and using Lemma |3.1[ one obtains 
h l {N E/ P r+i(-X)) = r + 2-h. Let S := {{.Pi,Vi)} i=l h C P(JV E/P r+i(-£)), let T 
be the projection of K over E and consider the diagram 


0 00 (23) 

Y Y 

0 -> N E ypr+1 ( —S) -5- £ ->- Ot -0 

0- N E / V r+i (—S)- T - Os -■*- 0 

V 

0 -^ Os^T -'' Os^T -^ 0 

0 0 


whose horizontal short exact sequences are the positive elementary transformations of 
N E /pr+i (—X) associated to K and S, respectively. 

By Proposition 2.11 and Proposition 2.13, Ny\ e (~ S) is isomorphic to T. If h = r + 2, 


one has /i 1 (./Vp;/pr+i (—£)) = 0, hence the central horizontal sequence of (23) immediately 
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gives /i 1 (iVy \e{— £)) = 0. Assume then that h < r + 1. By assumptions and Proposition 
2.12 one has hf(£) = max {0, h 1 (N E /p r +i (—£)) — fc} = 0. 

The central vertical sequence of (23) then gives /^(IVyi #(—£)) = 0. □ 


Remark 3.6. Note that, by (*)/,, (i) and (Hi) of Proposition 2.16, pi, ...,pk are in linearly 
general position as points of H' (while p\, ...,Ph are not), thus projectively equivalent to 
k general points of E. 


4 The main result 


We can now proceed with the proof of the main result, which goes on by induction 
on r. We start with a smooth half-canonical (nondegenerate) curve C C P r of genus 
g(r ) := h- + Lfr — h + i such that C satisfies the following properties: 


(*) 


(i) C is linearly normal i.e. h l (Zc( 1)) = 0; 

(ii) C is 2-normal i.e. h 1 (Tc( 2)) = 0; 

(in) h\O c ( 2)) = 1; 

(iv) h\Xl( 2)) = 0. 


In particular, by Fact 2.6 the point (C, Oc( 1)) is parameterized by an irreducible com¬ 
ponent V r C 5 ,V) having expected codimension. 

We construct a suitable reducible curve X := CUE C P r+1 , where E is an elliptic normal 
curve whose degree is the right one to obtain p a (X) = g(r + 1) and deg(X) = p a (X) — 1. 
We show that properties (*) “propagate” to X and that X is smoothable to a curve 
p (- pr+l_ a s a consequence of the argument outlined in the last part of the Introduc¬ 
tion, r will turn out to be a half-canonical curve still satisfying properties (*), hence 


again Fact 2.6 gives that the point (r, C>r(l)) is parameterized by an irreducible compo¬ 
nent V r+ i C having expected codimension. 


Theorem 4.1. Fix integers r > 2 and [^\ + 3 < h < r + 2. Let C C H = P r C 
P r+1 be a smooth (nondegenerate) half-canonical curve of genus g > ^ 9 1 ^ r + | 

satisfying properties (*) and such that \C] is a general point of the irreducible component 
W C Hilbg ifl _ 1 containing it. Assume that C satisfies property (**)h of Proposition 


h — 2-plane < Sh >■= Hh-2- Let E = E^ C H\ x be a sufficiently general elliptic normal 
curve intersecting C transversally in Sh- Let S be a hyperplane section of E and let 
X = Xh := C U Eh C P r+1 . Then X satisfies properties (*) and h 1 (iV.Y|£:(~S)) = 0. 

Proof. Through all the proof, we will denote the ideal sheaf Ts/P r + 1 by Ls- 


2.16, let S = Sh := {pi,---,Ph} an d let Hh C P r+1 be a h — 1-plane cutting on H 


the 
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(i) It is sufficient to compute cohomology of the Mayer-Vietoris sequence 


0 —> Zx(l) l-C/ P r+1 (1) © E/F r + 1 (1) ~^ Xs( 1) 0 

and note that h°(Xx(l)) = 0 since X C P r+1 is nondegenerate; 

(ii) Consider the exact sequence 

0 X x ( 2) l c/V r + 1(2) X c/x ( 2) ->• 0. 

From (ii) for C it follows that h l (X c / V r+ 1(2)) = 0, hence to prove (ii) for X 
it is sufficient to show that the map H°(a) is surjective. One has X c / x (2) = 
Oe{XYi — S) = O e (E) since S' is a hyperplane section of E. On the other hand, C is 
contained in H, thus X c / r +i(2) has global sections whose zero locus is a reducible 
hyperquadric splitted in two hyperplanes one of which is H. As a consequence, 
H°(X C/ pr+1 (2)) D H 0 (O ¥ r+i(l)). Since E is linearly normal, H°(a ) is surjective; 

(Hi) The cohomology sequence of 

0 -> X x (2) -> Opr+i (2) -> O x ( 2) 0 (24) 

gives h l (Ox(2)) = h?(X x ( 2)). Consider the Mayer-Vietoris sequence 


0 —y X x (2) —> X(jj-pr+i (2) © Xfi/pr+i (2) —> X§(2) —> 0. (25) 


Since the points of S impose independent conditions to hyperquadrics in P^ 1 , the 
exact sequence 

0 -> X s (2) -> 0 V r+1 (2) -> O s ( 2) -> 0 


gives /i 1 (X 5 (2)) = h 2 (X s ( 2)) = 0. 

Sequences analogous to ([24 ) for C and E give li 2 (X c / pr+i(2)) = h l (Oc( 2)) = 1 and 
h 2 (X E / pr+i(2)) = 0, hence (25) gives h 1 (Ox(2)) = 1; 


( iv) Since C is linearly normal, by Lemma 
|3.3[ there exists an exact sequence 


3.4 


one has /i 1 (X^y pr+1 (2)) = 0. By Lemma 


0 Xx(2) —>• z£ /pr+1 (2) A -> 0 


(26) 


where 

X 2 c/x (2) -> 0 (27) 

with B = X c/x ® X x (2) - iV^ |i? (2S - 5) “ J\# |1S (E) and Z£ /JC (2) - O s (2S - 
25) = 
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Serre duality gives h°(N^-^ E (T,)) = h 1 (iVjq.E(—£)). Let Uj, z = be the 

tangent vector to C at the point pi- Imposing to an embedded deformation of 
C C H the passage through k points of S with fixed tangency conditions accounts 
for 2k(r — 1) conditions. By the assumptions on g, one has dirrijq W > x(^C/P r ) = 
4 (g — 1) > 2k(r — 1) for k = r + 2 — h. The fact that [C] is a general point of W, 

gives that K := {(Pi,Vi)} i=hk C F(N E/pr +i (-£)) 
applies and h\Nx\E{~ S)) = 0. The 


combined with Remark 


3.6 


is general for h < r + 1, hence Lemma 


3.5 
IT 


cohomology sequence of (27) then gives hr {A) < 1 . Since C is a nondegenerate 
curve in H = P r , one has h°(l^,, pr+1 (2)) = 1 (the only hyperquadric whose singular 
locus contains C is 2 H), hence the cohomology sequence of (26) gives h°(A) = 1 
and 2)) = 0. 

a 


Proposition 4.2. Notation as in Theorem J h l assume that X = Xh is smoothable. 


Then, it is smoothable to a half-canonical curve T C P r+1 satisfying properties (*). In 
particular, the Gaussian map 'L c > r ( 1 ) is injective. 

Proof. Let T C P r+1 be a general smoothing of X. One has g’(T) = p a (X) = g(C) + h and 
deg(T) = deg(C) + deg (E h ) = g(C) -1 + h = g(T) - 1. Since x(X r (2)) = x(X Y (2)) and 


h l {T x(2)) = 0, sequence (24) for X and T and the upper semicontinuity of the cohomolo¬ 


gy give 1 = h 2 (Zx{2)) = h 2 (lr(2)) = /i 1 (Op(2)), hence Or(2) = wp- Properties ( i ) and 
(iv) of (*) follow from the upper semicontinuity of the cohomology too. By Proposition 
2.3, the Gaussian map 1 L C ) r ( 1 ) is injective. □ 


The most difficult part of our argument is proving the smoothability of the curve X. 
Since we mostly deal with curves X such that /i 1 (A^x) >> 0 and x(A r x) is less than the 
number of parameters counting locally trivial deformations of X, standard techniques 
fail to provide a proof in our situation. We will prove smoothability using a descending 
induction argument whose base case is given by the reducible curve X considered in the 
proof of Theorem 3.3, whose smoothability was there easier to treat since h l {Nx ) = 0. 


Lemma 4.3. Notation as in Theorem f.l, let Xh = C U Eh C P r+1 , let qh be a general 
point of Eh, p'h+i be a general point of C \ Sh and. I = lh ■=< Qh■. p'h +1 >■ Let Z := qh■ 
Then one has h^N^^^-Sh - p' h+1 )) = 0 and h l {N Xh ui\ EhVJl (-S h - p' h+l )) = 0 . 

Proof. Consider the exact sequence 


0 -> N Eh / Hh (—Sh — qh) N Eh /fr+i{—Sh — qu) 0 Eh {—qh)® r+2 h —»• 0 . 


23 










Lemma 


3.1 


gives h l (N Eh i Hh {-S h - q h )) = 0, thus one has h l (N Eh/V r+i(-S h - q h )) = 
h 1 (0 Eh (—qh)® r+2h ) = r + 2 — h. Twisting the short exact sequence 


0 Nl 


u i 


Nx, 


u l T XnUl\ qh 


(28) 


by 0 Eh (—Sh — qh) one gets a 4-terms exact sequence 


0 -> T -> N 


x h ul\ Eh (~ S h ~ Qh ) -> N Xh ul\ Eh (-S h - q h ) -> T x h ul\ qh 0 

where T is 0 or a torsion sheaf. Since N^ u(— Sh — Qh)/X is locally free, it is the 

^ L l-k'h 

positive elementary transformation of N Eh /p r +i (— Sh~qh ) associated to {(Pi,Vi )} i=1 h C 
F(N Eh /p r +i (—Sh — qh)), where v%, i = 1 ,..., h. is the tangent vector to C at pi, hence it is 
isomorphic to N Xh \ Eh (-S h ~ qh)- Lemma 3.5 then gives h 1 (N XhUl (-Sh ~ qh)/F) = 0. 
Tensorizing the fundamental exact sequence 


0 


Oi 


0 


k/E h Ul OE h ul 

by the sheaf N Xh ^n E u; (—Sh — p' h+1 ) one gets the existence of the 4-terms exact sequence 

0 —t Q —t Nx hU i\ Eh (—Sh - qh) ~> Nx h ui\ EhU i(~Sh ~ Ph+i) ^x h ui\i(~Ph+i) 0 (29) 

where Q is zero or a torsion sheaf. Since h^(N XhU u E (— Sh — qh)) = hf(N Xh u i. E (— Sh — 
Qh)/F) = 0, computing cohomology of (29) gives hl { N x hUllEhUl (-S h ~ p' h + 1 )) = °- 
Twisting sequence (28) by 0 Eh ui(—Sh — p h + 1 ), one gets the short exact sequence 


0 N x h ul\ EhU i(~ s h -Ph+i) N x h ui\ EhU i(-S h -p h+ 1 ) 
which yields ^(Nx^i^^-Sh - p' h+l )) = 0. 


A' 


hUZ| 


Qh 


□ 


Lemma 4.4. Notation as in Theorem \4-l\ let h <r + 1 and X = Xh- Then the Hilbert 
scheme Hib/ + * Y ^ deg (x) smo °th a t the point [X], In particular, it is reduced at [X], 

Proof. For any subscheme Z C P r+1 , any numerical polynomial a(t) and any pair of 
numerical polynomials Aft) := (ai(t), a 2 (t)), we will indicate by Hilb^ the Hilbert 
scheme of Z relative to aft) and by HihpL^ the flag Hilbert scheme of Z relative to Aft). 
We will write Hill/^j for the Hilbert scheme of P r+1 relative to aft). Let C, Eh, Hh , H C 
P r+1 be as in Theorem |4.l[ let H' C P r+1 be a hyperplane containing Hh and let P := 
H U H'. Let eft), xft), h(t),p(t) be, respectively, the Hilbert polynomials of C, X, H and 
P and let X(t) := (c(t),x(t)), Qft) := (xft),p(t)). Since, by Proposition 


2.7 


HUbJ) is 


smooth at [C], and Hilb^ t , and Hilb^ are isomorphic on a neighborhood of [C], one 


c(t) 
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has that Hilb^ is smooth at [C] too. 

Now, consider the forgetful morphism : Hilb^-^ -9 Hilb^. One has 7 t 3 1 ( [C\) = W\ x 
W 2 , where W\ is the closed subscheme of Hilb 1 £ parameterizing curves passing through 
Sh and W 2 C G(h — 1, H') is the star of h — 1-planes in H' containing 2 =< S h >. 
By Lemma 3.1 and [2], Lemma 2.4, there is a nonempty smooth open subset U C W \, 
JJ 9 [Eh]. Moreover, Hilb is locally at \{C, X)] a local product of W\ x W 2 and im(7T3), 
hence the morphism 7r3 is smooth at [(C, X)] and Hilb^^^ is smooth at [((7, X)]. Since, 
by construction, there cannot be (even infinitesimal) deformations of X in P which are 
irreducible curves, the differential of the forgetful morphism 7r4 : Hilb^ t ) —>• Hilb^ is 
surjective at \{C, X)], hence it is an isomorphism and Hilb^ is smooth at [X]. Let 

now P r ~ l_1 x P(tf 0 (C> P r+i(2))) P(Lf°(Opr+i(2))) be the universal family over the 

Hilbert scheme of hyperquadrics in P r+1 , and let Hilb)^ be the relative Hilbert scheme 
of \h relative to x{t ) (see [Ij, Chapter 9, Section 7 for details). Since T is flat, by [13], 
Theorem 1.2.10 one has that the natural morphism r) : HilbJJX — > P(i7°(0pr + 1 (2))) is 
flat. 

Since r] is also proper by pj, Lemma 9.7.2, smoothness must be an open property on the 
fibres. By definition of the relative Hilbert scheme, one has r/ _1 ([.P]) = Hilb]^, which is 


smooth at [X], hence the general fibre Hill/j^. of rj is smooth locally on a neighborhood 
of [X] € Hilbf (t) in Hilb* (t) . 

As a consequence, Hilb^ is smooth at [X], Note that Hilb^ is exactly the flag Hilbert 
scheme Hilb^^. In order to show that Hilb^j is smooth at [X], it is then sufficient to 
show that the differential of the forgetful morphism vrs : Hilb 1 ^ —> Hilb^J is surjective at 
[A']. By [12], (1.11.1), a sufficient condition for the sujectivity of d7T5|[x] is the vanishing 
of h^iXx/p ® Xp). Note that Np = Op{ 2). Since, by Theorem 4.1, X is 2-normal, and 


Zp( 2) = Opr+i, the cohomology sequence associated to the exact sequence 


0 —> 2p(2) -9 Xx/pr+i(2) -9 Z x /p( 2) -> 0 


gives h 1 (l x/P (2)) = 0. 


□ 


Proposition 4.5. Notation as in Theorem 4-1 , assume that, for a fixed [|J + 3 < h < 


r + 1, Xh+i := CUEh. + i C P r+1 is smoothable. Then Xh ■= CUEh C P r+1 is smoothable 
and h°(N')<h°(N Xh ). 
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Proof. Consider the commutative exact diagram 


0 0 (30) 

0 - N C / H -> N C / H ->■ 0 

0 - 3 - N C /pr+l | Q - T^ h ->■ 0 

0-- O c (E)-- M -- T\ h -- 0 

0 0 0 


An argument analogous to the one carried out in [JJ, Lemma 3.2, gives M. = 0c(£ + Sh). 
Since < Sh >— P h ~ 2 and h < r + 1, there exists a hyperplane section of C containing 
Sf j, hence one has h 1 {Oc{'P + Sh)) > h l (Oc( 2S)) = 1. 

The central vertical sequence of diagram (30) then gives h l (N:x h \ c ) > 1. Let qh be a 
general point of Eh , let p’ h+ , be a general point of C \ Sh, let l :=< Qh-.p'h+i > and let 
Vh +i be the tangent vector at pU, to the line l. Up to deforming C keeping the points 
of Sh fixed, the point (p' h+1 ,Vh+ i ) is general as a point of F(N Xh , c ), hence Proposition 
2.12| gives 

h 1 (N Xh ui\c) = hl ( N x h \c) ~ L ( 31 ) 

Nx h —> Nx h iq 0 and Theorem 4.1 give h l (N Xh ) = 


Sequence 0 —> N x 


-S’/*) 


^(ATx-fcic). Analogously, one has /^(JVx^i.yJ = hl (N Xh ul\ C )- Equality (31) then gives 

h°(N Xh ) = h°(N Xh 




\X h . 


- 1. 


(32) 


Now suppose by contradiction that X/, is not smoothable. Lemma 4.4 and Lemma |2.10| 
give that h°(N' Xh ) = h°(N Xh ). Computing cohomology of the exact sequences (see (JcJ) 
and Q) 

0 N x h ui\i(-Qh - Ph+i) N x h ul N x h 0 


0 ->• N Xh ui\i(~Qh ~ Ph+i) N x h ul ->• N x h \ji\ Xh 0 


together with (32) gives 

h°(N XhUl ) = h°(N' XhUl ) + l. (33) 

Let now J = Jh := Sing(A^ U l) \ rp, and consider the exact sequence (see 0 ) 


0 ->• N XhU i, EhUl (-S h - Ph+i) -Wx hUi 


X, 


C/P 1 


>r+l 


0. 


(34) 
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From Lemma |4.3| and Proposition |2.7| one gets 

h°{Nx h ui) = x{Nx h ui\ Eh ui(~Sh —p'h+i )) + h°(N c/P r +1 ) = 

= x(-^ r E h uz/P r + 1 (“Sh ~ Ph+i )) + h + 1 + h°(N C / pr+i) = 

= x(-^E h u//P r + 1 ) — + l) r + h + 1 + h°(N c / V r+i) = 

= x(N Eh+ i/p^+O — (h+ l)(r — 1) + h°(N c / P r+i) = 

= (/i+l) 2 +(/i+l)(r—fo+1)—(/i+l)(r—l)+// ) (lV ( rypr)+r+l = 3(g(C)+/i+l)—5+ ^ ^ 

(35) 


By Lemma 3.2, (**)/j + i ( ii ) of Proposition 2.16 and Proposition 4.2, XhUl, Xh + \ and T 


belong to the same irreducible component of Hill/^ 1 ^ ] ^ deg(x h i)' This, together with 
Proposition 2.7, yields that 


h°(N Xh ui ) > h°(N r ) = 3p a (X h Ul)-A + 


r + 3 


— 3(g(C) + h +1) — 4 + 


r + 3 


Combining (35) and (36) gives in particular 

h°(N XhUl ) > h°(N') + 1. 


(36) 


(37) 


Consider the exact commutative diagram (whose horizontal sequences correspond to <§ 
and 0) 


M 


■ T 1 


' N x h ui 


0 ^ Nx h Ul\E h Ul( Sh p'h+l) ^ ^x h u; 


x h^l\q h 


■N, 


c/v 


v 

^C/P r 


>r+1 


where A4 = N\ h ul\ E u; (—<S/i — Ph+i )/ an d zero or a torsion sheaf. Using Lemma 
4.3| to compute its cohomology one obtains 


h°(Nx h ui) — h u (Nx ul ) + 1 . 


0 / AT' 


(38) 
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Combining (37) and (J38|) one gets h°(Nx h ui ) > + 2, contradicting (33). Hence 

h°(N' x ) < hP(Nx h ) and Xh is smoothable. 


□ 


Consider the following inductive construction of curves. Let C C P r be a curve as 


in Theorem 4.1, and assume that there exists a (general) smoothing T r +i of a curve 


X := CUE C P r+1 constructed as in Theorem 4.1 By Proposition 4.2 T r _|_i C P r ' +1 is a 


half-canonical curve satisfying the same assumptions of C in Theorem |4.1| hence one can 
attach to T r +i an elliptic curve and obtain a reducible curve as X , which we assume in 
turn to be smoothable (again by Proposition |4.2[ ) to a half-canonical curve r r _|_2 C P r+2 . 
If, for a positive integer n, a smooth half-canonical curve r r + n C P r+n is obtained by 
means of this inductive smoothing process, we say that r r+ri is an inductive smoothing 
ofC. 

Remark 4.6. It is immediate to verify that a curve as in Proposition |2.8| satisfies the 


assumptions for C as in Theorem 4.1 In particular, it satisfies (*★)/, of Proposition 2.16 
for h = L|J + 3 = 2 + 2 = 4. 


Lemma 4.7. Let r > 4, let C C 


jr—1 


be an inductive smoothing of a curve as in 
Proposition 2.8. Assume that, for a fixed + 3 < h < r, there exist smoothings 


Ch,Ch+i C H = P r C P r+1 of curves Xh := CUEh, Xh+i := CUEh+i C P r , respectively, 
constructed as in Theorem 4-1 For a fixed |_0J+3 <k< r+l, let Xk := ChUE k , X k +i := 
C h U E k+1 C P ' +1 be curves constructed as in Theorem \f.l\ as well. Notation as in 


Proposition 2.16 (Ch satisfies (**)*. + i by that Proposition and Remark 4-6), let m :=< 
PkiP'k+i >■ Then [Ch U m] is a smooth point of Hilb^j-t ^ deg(C h+:L )’ an ^ U m is 
smoothable to Ch+i- 

Moreover, let Z := X k U m. Then [Z\ is a smooth point of Hih/ + ^ deg(z)' 

Proof. The proof is by induction on r. Since, for r = 3, one has +3 = (r— 1)+2 = 4, 
the only possible inductive smoothing in P 3 of a curve as in Proposition 2.8 is a curve 
C of genus 10 . As a consequence, for r = 4, there are only two curves to consider, 
namely Cj 4 and C g 5 (the upper index denotes the genus of the curve, the lower denotes 
h), which are smoothings of X\ 4 and Ahp, respectively. Notation as in Lemma 4.3, let 


l :=< qa , P 5 > (l is a general 2-secant line to Xj 4 , intersecting each of its components 
once). By computing cohomology of the short exact sequence (see ([ 6 ])) 




N 


x 4 14 uz 


N 


xpul 


IN 


I 4 


it is easy to show that ^ 1 (A r _vi 4 uZ ) = 0 , hence [A"j 4 
of Hilb 4 5 14 . 


U l 


By Lemma 3.2, (**)s (ii) of Proposition 


and [C\ 4 U rn] are smooth points 
and by the definition of C\ 4 


2.16 


and C 5 ' 5 , the curves Cj 4 U m, X\ 4 U l, A ^ 5 and C\ b are all fibres of the universal family 
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X —> W, where W is the irreducible component of Hilb 4 51 4 parameterizing the smooth 
point [X \ 4 U /], hence C \ 4 U m is smoothable to C 5 5 . Note that the fact that [X \ 4 U l } 
is a smooth point of Hilb 4 514 is essential, because C \ 4 U m and C 5 5 could be a priori 
parameterized by two different irreducible components of Hilb 4 514 whose intersection 
scheme parameterizes X \ 4 U l. The base case for the first part of the statement has thus 
been proved. 

Suppose by inductive assumption that Ch U m C P r is parameterized by a smooth point 


is 


of Hilb^ (Ch+i))deg(Ch+i) . The proof of the smoothness of the point [Z\ £ Hilb^ (z))deg(z) 
analogous to the one of Lemma 4.4 Notation as in that Lemma, let indeed cf(t), z(t) be 
the Hilbert polynomials of C^Um, Z, respectively, and let Z(t) := {d(t ), z(t )). From the 
fact that Hilb^^ is smooth at [Ch U m] (which is nothing but the inductive assumption 
written in a different notation), it follows the Hilbert scheme Hilb^f^ is smooth at [G/,Um] 


too, hence, arguing as in Lemma 
and VT 4 : Hilb^ t ^ 


V(t) 

over the forgetful morphisms 713 : Hilb Z ( t ) —> Hilb^ t ^ 
Hilb^, one obtains that Hilb^ t -, is smooth at [Z\. The 2-normality 


4.4 


z(t)> U11C uuualilD 

of Z immediately follows from the 2-nornrality of X^ by computing cohomology of the 
short exact sequence 


0-H z (2)-H ik (2)-> 1*^(2)-M) 
and noting that ^x k /z = 0pi(—3). 

Now (see Figure 1), Z (flatly) deforms to the reducible curve X^ U rn a , where mA :=< 

m,A is a general 2 -secant line to X^, intersecting 

each of the components of X^ once). 


QkiP'k+i > (notation as in Lemma 


4.3 


C h 



Figure 1: the dotted arrow represents the deformation 
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Since [Z\ e Hili/J^ deg(z) a smo °th point, [l{;Um^] is a smooth point too. By initial 
assumptions, there exist smoothings G k ,G k+ \ of X k and X k +\, respectively. By Lemma 
3.2, (ii) of Proposition 2.16 and by the definition of G k and G k +i, the curves 

G k U m,X k U niA, X k +\ and G^+i are all fibres of the universal family X — > W, where 


W is the irreducible component of Hilb^ 1 ^ x ) deg(G fc+ i) P arame t er izing the smooth point 
[X k U m^], hence Gk U m is smoothable to Gk+i- Thus the inductive step for the first 
part of the statement is proved. Due to the structure of the proof, it is clear that the 
second part of the statement has been proved too. □ 


Lemma 4.8 

Proposition 
Gh, C h+ 1 C 


2.8 


Let r > 4, let C C P r 1 be an inductive smoothing of a curve as in 
Assume that, for a fixed + 3 < h < r, there exist smoothings 


of curves Xh := CU Eh, Xh+i ■= CUEh+i C P r , respectively, constructed 
For a fixed LjJ + 3 < k < r + 1. let Yk '■= Ch+i U E k ,Y k +1 := 

as well. Then there exists an 


4.1 


4.1 


as in Theorem 

Ch U Ek+i C P r+1 be curves constructed as in Theorem 
irreducible algebraic scheme B and a (flat) family of curves Y? C IP r+1 x B over B such 
that Y k and Y k + 1 are both fibres of Y>. In particular, Y k and Tfc+i belong to the same 
irreducible component of Hilb^ty^ deg(v fc )' 


Proof. Consider the curve Y := ChUE^ C P r+1 , constructed as in Theorem 4.1 Notation 


as in Proposition 2.16 (Ch satisfies (**)k+i by that Proposition and Remark 4.6), let m 
be the line passing through p k and p' k , 1 . Then Z := Y U m (flatly) deforms to both a 
curve Za :=Y U mi, where vxa is the line passing through q k and p' k , ,, and to a curve 
Zb ■= Y U ms, where is the line passing through p' k+l and a general point y e Ch 
(see Figure 2). 

Since, by Lemma 4.7, [Z\ is a smooth point of Hilb^y ^ deg(y* ;+ i)’ ^ then sufficient 
to show that 

a) Za and Y k +1 belong to the same irreducible component of Hilb^+y ^ c ] e g(y t , ,) j 

b) Zb and Y k belong to the same irreducible component of Hih/ + ^ ^ deg(y fc i)‘ 

a) It is an immediate consequence of Lemma 3.2 and (**)j. + i (ii) of Proposition |2. 16 


b) Let J := Sing(Zs) \ {'Pk+\- v} an d consider the commutative exact diagram (the 


Sing(G^Ums) 
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C h 



Figure 2: the dotted arrows represent the two deformations 


horizontal sequences correspond to ([8]) and Q, respectively) 

0 0 0 


N z B \ Ek {~Sk) 


0 -- N ZB \ Ek (-S k ) 


■N'r, 


Z B 


N L 


^C h Um B 


' Nc h \jm B 


■ T 1 

ZB \p' k+1 uy 


■ T 1 

ZB \p’ k+1 Uy 


From Theorem 


4.1 


sequence (see 


®) 


0 0 

one obtains h l {Ny\E k {—Sk)) = 0. Twisting the short exact 


0 —» Ny ->• N Zb \ y -»• T| . , 




0 


by OE k {—Sk) gives the 4-terms exact sequence 


0 -* ?-* iv Za|E ,(-s*) ri B|p , +iU!) 


where T is a torsion sheaf, and one can then conclude that h 1 (Nz B \ Ek (—Sk)) = 0. 
It follows that the cohomology map H°(N^ b ) —> H°(Nc h \jm B ) is surjective. From 
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its deformation-theoretic interpretation, it follows that Zb can be deformed to a 
curve having the general deformation of GfjJrn b in P r as an irreducible component. 
By Lemma |4.7[ Zb can then be deformed to Y^. 


□ 


Theorem 4.9. For all integers r > 2 and g satisfying 



1 + 1 - 

2 2 



g(r) <g< 


r + 2 
2 


(39) 


there exists a smooth linearly normal (nondegenerate) half-canonical curve T = T rj9 C P r 
satisfying properties (*). In particular, the Gaussian map 'f'o r (i) is injective, and the 
point (r,C>r(l)) is parameterized by an irreducible component V r , g C S r g having expected 
codimension in S g . 


Proof. The proof is by induction on r. The base case (r = 2) is given by Proposition [2^8j a 
quintic plane curve of genus 6 . For all g{r) < g < ( f 1, 2 ), let ( C , Oc{ 1)) be a general point 
of V V: g. In particular, C C H = P r is a smooth linearly normal (nondegenerate) half- 



of C): at every step of the induction process, one attaches to C an elliptic normal curve 
intersecting it in + 3 < h < r + 2 points, thus the arithmetic genus of the reducible 
curve X C P r ' +1 lies in the interval between 


»+ E 

i= 2, i odd 


i + 1 


+ 2 


+ E 

i=2, i even 


2 +3 J= 6 + E 

i =2 


2 +3 '- 


E 


i=2, i odd 


and 


(r + l ) 2 


11 


+ T (r + 1) "2 r 


1 r (r + 1 ) + 1 - 


1 

+ 2 


6 + ^(i + 2) = 

i=2 


(r + 1 ) + 2 
2 


By Theorem 4.1, Xj* satisfies properties (*). 


We want to show that X 9 h is smoothable 


The proof of the smoothability goes, for 
all fixed r > 3, by double descending induction on both + 4</i<r + 2 and 

g(r) + 1 < g < ( r ^ 2 )- The base case is given, for all fixed r, by [3j, Theorem 3.2 
(h = r + 2, g = ( r ^ 2 ))- Note that, for r = 2, we have to prove only the smoothability of 
X|, which is given by the base case, hence no induction is needed. Let then r > 4. First, 
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fix g and let X? be smoothable by inductive assumption on h. Then, by Proposition 4.5 
K- 4 is smoothable. 

Second, let X? ] be smoothable by inductive assumption on g. Then, by Lemma 


has that X ® 1 ; 


4.8 


one 

is smoothable. We have thus proved that X = X^ is smoothable for all 

then gives that X is smoothable 


4.2 


L^J+3 <h< r+ 2 and g(r) < g < ( r j( 2 ). Proposition 

to a half-canonical curve T C P r+1 satisfying properties (*). In particular, the Gaussian 

map v f'o r (i) is injective, hence, by Corollary 2.5 the point (T, Op(l)) is parameterized 

~ -r-FT 


by an irreducible component I4 + i )ff (r) C 5”)^ having expected codimension in S g ^y 
Moreover, since, for all + 3</i<r + 3, T satisfies (**)/ l of Proposition 

propositon can be inductively used on T. 


2.16 


that 

□ 


Proposition 


1.4 


(induction on g) applied on the “base case components” V r , g (r) C 


immediately gives the main result of the paper: 


Theorem 4.10. For all integers r >2 and g > g{r) := ^ + ^-r — there 

exists an irreducible component V T)9 C S g having expected codimension in S g . Moreover, 
the general point ( C,L ) E V Tyg has very ample L. 


Remark 4.11. The value h(r) := + 3 is the smallest number h for which there (are 

known to) exist elliptic normal curves of degree h intersecting T in h points (see Proposi- 
tion |2.16| ). Taking this value, at every step of the induction, as the number of intersection 
points of the “base” half-canonical curve r r , 9 (r) F IP r with the elliptic normal curve, we 
find smooth half-canonical curves of genus g(r + 1) in P r+1 having the desired properties 
and attaining the minimum possible increment in the genus with respect to r. 

However, Theorem |4.9| yields the existence of smooth half-canonical curves in P r with 
genus g(r) < g < ( T ^ 2 ) as well, which correspond to smooth points of irreducible compo¬ 
nents V r%q C Sg having expected codimension in S g . It would be interesting to understand 
whether, for these values of g, one has V r . g = V r . g . 


Injectivity of the Gaussian map for curves with general 
moduli 


In this section we present a result stating the injectivity of the Gaussian map for curves 
with general moduli embedded in P r via a nonspecial very ample line bundle and whose 
genus lies in a suitable range. The proof is analogous to the one done in the previous 
section, by induction on r, for half-canonical curves, showing the “propagation” of the 


cohomological property stated in Proposition 2.3 from the base case of the induction 
argument, an elliptic normal curve in P 3 . 
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Nevertheless, in this case, in order to preserve nonspeciality as r increases, we have to 
attach to the “base” curve a rational normal curve instead of an elliptic one. 

Lemma 5.1. Let E be an elliptic normal curve in P 3 . Then one has H 1 (1^(2)) = (0). 

Proof. Consider the exact sequence 

0 —> Xg( 2 ) —> Te{ 2 ) —> Ne( 2 ) —> 0 . 

Since 2)) = 0 and E is 2-normal, it is sufficient to show that h°(XE( 2)) > 

h°(Nfi( 2 )). One has h°(lE( 2)) = Q) — /i°(0e(2)) = 10 — 8 = 2 . On the other 
hand, by Serre duality and the fact that y(-/Vr(—2)) = \(Ne) ~ 8(3 — 1) = 0, one 
has h°(N%(2 )) = h l {N E {- 2)) = h°(N E (-2)). 

Let Q be a smooth quadric containing E. Since N e /q = Oe(E) = O e (2) and Nq = 
Oq( 2 ), the cohomology sequence associated to the exact sequence 


0 — » N e /q{—2) — > Ne(— 2 ) —»• Nq(—2)\e —> 0 
gives /i°(1Ve(—2)) < 2. 


□ 


Lemma 5.2. Let r > 2, 'OE < h < r+1 be integers. Let B C H = P r C P r+1 be a smooth 
(nondegenerate) curve, Let R C H' = C P r+1 be a rational normal curve of degree h 
intersecting B transversally in a smooth 0-dimensional scheme S := {pi, ...,Ph} of length 
h. Let Vi, i = 1,..., h, be the tangent vector to B at pi, and assume that, for h < r and 
k = r + 1 — h, the 0-dimensional scheme IL := {(pi , Uj )} i=1 k C P(lV R /pr+i (K R — X)) is 
general. Let X be a hyperplane section of R and let Y := B U R C P r+1 . Then one has 
H 1 (N Y]r (K r -Y)) = (0). 


Proof. The proof goes on as the one of Lemma 3.5 Consider the commutative exact 
diagram 

0 0 (40) 


■ N R/H' 


N R /pr+l 


■ n r/h' - 0 


■Ny\r 'Y=LJ0Iy 0 


o-^So i j(x)® r+1 - h 


M 


Os —-0 
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Twisting the left vertical sequence by O r (I\ r — X) and using the fact that N r / H i = 
Ofi (h+2)® h ~ 1 , one obtains — X)) = r+l—h. Let S := {(pi, Vi )} i=1 h C 

m R/P r+i (K r — X)), let T be the projection of K over R and consider the diagram 

0 00 (41) 

V 

0->■ N R /p r +i {I\ R — X) -a- S ->■ Oj< -s- 0 

0->■ N r / pr+i (K r — X) - T -s- Os -0 

Y Y Y 

0-^ Os^T -^ Os^T -^ 0 

Y Y 

0 0 


whose horizontal short exact sequences are the positive elementary transformations of 
N R / P r+i(K R — X) associated to K and S, respectively. 

one has the isomorphism Ny\ R (K R — X) = 


2.11 


and Proposition 


2.13 


By Proposition 

T . If h = r + 1 , then h}(N R / P r+i (K r — X)) = 0, hence the central horizontal se¬ 
quence of (41) immediately gives /^(IVy— X)) = 0. Assume then that h < 
r. Since K C P(N R / F r+i(K R — X)) is general, by Proposition 2.12 one has h}(£) = 
max {0, h}(N R / P r+i(K R — X)) — k } = 0. The central vertical sequence of MB then gives 
h 1 (N Y \ R (K R -T,)) = 0. □ 


Remark 5.3. Note that one cannot repeat the construction for h > r + 2. Indeed a 
rational normal curve of degree h in P h cannot intersect B C H C P h in h points because 
these points are not in linearly general position as points of P ft . 

Taking a rational curve of degree h > r + 2 in P r+1 , we obtain a curve Y which is possibly 
non linearly normal even if B is, and thus not suitable for what follows. 


Proposition 5.4. Let r > 3 be an integer and let M C P r be a (nondegenerate) linearly 
normal curve of genus g satisfying 


2 2 
f f f f 

-< g < - 2 

4 2 “ 2 2 


(42) 


and degree g + r with general moduli. Then one has = (0). In particular, the 

Gaussian map ^o M ( i) injective. 
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Proof. The proof goes by induction on r. The base case is given by Lemma [5. 1 | Assume 
by induction that B C P r = H C P r+1 is a (nondegenerate) linearly normal curve 


of genus g(B ) satisfying (42) and degree g(B) + r, with general moduli and such that 


2)) = (0). Note that the non-speciality assumption implies h 1 {N B / H ) = 0, from 
which one easily deduce h 1 ( N B /p r +i ) = 0. Fix^ + l</i<r + l general points pi,...,ph 
on B, let a E P r+1 and let H' :=< a,p±, ...,Ph >• Since the points pi are general on B, 
one has H' = ¥ h . Let R C H' be a rational normal curve intersecting B transversally in 
S := {pi, ...,ph}, and let Y := BUR C P r+1 . At every step of the induction process, one 
then attaches to the curve B a rational normal curve intersecting it in Cy- < h < r + 1 
points, thus the arithmetic genus of the reducible curve Y C P r+1 lies in the interval 
between 


E 


i= 3, i odd 


i + i 


-i + 


and 


r r r 

E i-i+Ei- E 

i=3,*even i =3 «=3,iodd 


1 + Ei = E±ii_ 2 . 

i =3 


1 r(r + 1 ) 1 r + 1 

2 ~ 4 2 2' 


Condition (42) is thus proved. The linear normality of Y immediately follows from the 


computation of the cohomology of the Mayer-Vietoris sequence 


0 —> Ty (1) ■© Y b { 1) © Tr(1) —> Xs{ 1) —> 0. 

We then show that iL 1 (Xy(2)) = (0). Since B is linearly normal, by Lemma 


H 1 (I R , pr+ 1 (2)) = (0). By Lemma 3.3, there exist an exact sequence 


3.4 


0 2 ^.( 2 ) 


B/P r + 1 ( 2 ) 


A-t 0 


one has 


(43) 


where 

O^B^A^ 1 2 b/y (2) -> 0 (44) 

withfi ^1 b/y ®N^(2Y) =* ATV |r (2E-S) “ A^ v v -| R (E) andX| /y (2) “ 0 H (2E-2S) =* 
Serre duality gives h Q (Ny\ R { E)) = /i 1 (A'y|^(A'/j — E)). Let Vi, i = 1, ...,/i, be the tangent 
vector to the curve B at pi. Imposing to an embedded deformation of the curve B C H 
the passage through k points of S with fixed tangency conditions accounts for 2 k(r — 1) 
conditions. Let W C HilbE s ^ g(B)+r be the irreducible component parameterizing the 
point [B] (i.e. the unique component dominating JYt g (#))• By the assumptions on g one 
has 

dim[ 5 ] W > x( n b/ pO = 4(g(B) - 1) + (r + l ) 2 > 2 k(r - 1) 
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for k = r+l—h. Since [B\ is a general point of W, K := {{p%, Li)}*=i k C F(N R /pr+i (K R — 
£)) is general, thus Lemma 5.2 applies and h 1 (NY\ R (K R — S)) = 0. The cohomology se¬ 
quence of ( |44| ) then gives h°(A) < 1. Since B is a nondegenerate curve in P r = H C P r+1 
one has /i°(X ^, pr+1 (2)) = 1 (the only hyperquadric whose singular locus contains B is 
2 H), hence the cohomology sequence of (43) gives h°(A) = 1 and /i 1 (X|-( 2 )) = 0 . Since 
}i 1 (Ny\ r (K r — £)) = 0, one has in particular that h}{NY\ R { —S)) = 0. The cohomology 
sequence associated to 


0 —y Ay|^(—$) —y iVy —y N R ^r+i —y 0 

(see sequence ([8])) then gives h}(Ny) = 0, hence Y is smoothable to a curve M C P r+1 
with geometric genus g(M ) = p a (Y) = g(B ) + h — 1 , degree deg(M) = deg(T) = 
deg (B) + deg(ii) = g(B) + r + h = g(M) + r + 1, h 1 (Nm ) = 0 and /r 1 (X| / (2)) = 0 by the 
upper semicontinuity of the cohomology. Since M is nonspecial, the Euler sequence 

0 —>• Om 1))* ® ®m{ 1) Tpr+i| M —> 0 

gives /i 1 (T P r+i| M ) = 0, hence M must have general moduli. □ 
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